We compute the coefficient function for the charge-averaged W ± -exchange structure function F 3 in deep-inelastic scattering (DIS) to the third order in massless perturbative QCD. Our new threeloop contribution to this quantity forms, at not too small values of the Bjorken variable x, the dominant part of the next-to-next-to-next-to-leading order corrections. It thus facilitates improved determinations of the strong coupling α s and of 1/Q 2 power corrections from scaling violations measured in neutrino-nucleon DIS. The expansion of F 3 in powers of α s is stable at all values of x relevant to measurements at high scales Q 2 . At small x the third-order coefficient function is dominated by diagrams with the colour structure d abc d abc not present at lower orders. At large x the coefficient function for F 3 is identical to that of F 1 up to terms vanishing for x → 1.
Introduction
Structure functions in inclusive deep-inelastic lepton-nucleon scattering (DIS) are among the most important observables probing QCD, the theory of the strong interaction. Present data on these quantities can provide accurate information about the quark and gluon momentum distributions in the proton down momentum fractions x ≈ 10 −4 , see Ref. [1] . These distributions, in turn, are indispensable ingredients for the analysis of all hard (high scale/mass) scattering processes at proton-(anti-)proton colliders, cf. Refs. [2, 3] , such as TEVATRON and the LHC which will form the high-energy frontier of particle physics for at least the next fifteen years. Structure functions are also very well suited for precision determinations of the strong coupling constant α s , one of the fundamental parameters of our description of nature, in the framework of perturbative QCD.
Inclusive quantities such as structure functions are the observables best accessible to fieldtheoretic calculations to 'high orders' (today: two loops and beyond) in the expansion in powers of the coupling constant. Indeed, the second-order partonic cross sections (coefficient functions) for inclusive DIS were completed as early as 1991/2 [4] [5] [6] , while corresponding quantities for jet shapes in e + e − collisions have been presented only very recently [7] [8] [9] . At large x (with hindsight: x > 10 −2 ) the former quantities are the dominant part of the next-to-next-to-leading order (NNLO) contributions in renormalization-group improved perturbation theory. They are not sufficient, though, for NNLO analyses over the full x-range opened up by HERA and required for the LHC.
The three-loop corrections for inclusive DIS -required to complete the NNLO framework and to provide the dominant next-to-next-to-next-to-leading order (N 3 LO) corrections at large-x enabling a perturbative accuracy of 1% for α s determinations -have been the subject of a longterm research program, which started from sum rules [10, 11] , and proceeded via low integer Mellin moments [12] [13] [14] to the computation of the exact expressions for all NNLO splitting functions [15, 16] and the third-order coefficient functions for the structure functions F L and F 2 [17, 18] . In the present article, we extend the latter results to the most important structure function not covered by Ref. [18] , the vector -axial-vector interference structure function F 3 in charged-current, specifically (W + +W − )-exchange DIS measured with high precision in neutrino-nucleon DIS [1] .
The remainder of this article is organized as follows: In Section 2 we briefly recall the general formalism for the calculation of the coefficient function for F 3 and discuss some aspects specific to the present computation. We then write down the coefficient functions for F W + +W − 3 in Section 3. The second-and third-order quantities are presented via compact and accurate parametrizations. We also address the behaviour of the third-order coefficient functions at large and small x, stressing the importance of the d abc d abc contribution not present at lower orders. This and other numerical effects are then illustrated in Section 4 where we assess the size of the higher-order corrections. Finally we summarize our results in Section 5 and close with a brief outlook on possible future improvements on the present accuracy. Appendix A contains the very lengthy exact expression of our new third-order coefficient function, and Appendix B complements the discussion of F 3 in Section 3 by providing the subleading large-x logarithms for the case of F 2 . It turns out that the quark coefficient functions for F 3 and 2xF 1 ≡ F 2 − F L in charged-current DIS are the same in the large-x limit, specifically that C 3 (x) = C 1 (x) + O (1 − x) holds to (at least) order α 3 s .
Formalism and calculation
We are interested in unpolarized charged-current deep-inelastic scattering (DIS), i.e., the reaction
where l, l ′ and 'nucl' denote a charged lepton, its (anti-) neutrino (in this or the opposite order) and a nucleon with respective momenta k, k ′ and p. X stands for all hadronic states allowed by quantum number conservation. The inclusive cross section for the process (2.1) can be written as dσ ∼ L µν W µν in terms of leptonic and hadronic tensors L µν and W µν . The former tensor is well documented in the literature for both pure electromagnetic and electroweak gauge-boson exchange, see, e.g., Ref. [1] . Thus there is no need to consider it here.
Our focus is on the (spin-averaged) hadronic tensor W µν which can be expanded to define the structure functions F 2, 3 ,L , viz
Here q denotes the momentum transferred by the W -boson, with Q 2 ≡ −q 2 > 0, and J µ represents the weak current. The Bjorken variable is defined as x = Q 2 /(2 p · q) with 0 < x ≤ 1. We do not consider the functions F 2, L corresponding to the symmetric e µν and d µν in this article, see Ref. [18] . Instead we address the structure function F 3 associated to the totally antisymmetric tensor ε µναβ which arises from the vector/axial-vector interference of the two V −A currents. Specifically we are interested here in the charged-averaged quantity F W + +W − 3 which has been accurately measured in neutrino-nucleon DIS off (almost) isoscalar targets [1] (recall that F W + −W − 3 is small in this case, being proportional to a flavour asymmetry in the quark sea).
As in the previous calculations in Refs. [15] [16] [17] [18] [19] [20] , we derive analytic expressions for the Mellin moments of the perturbative contribution to structure functions, which for the present case are defined as To this end we make use of the optical theorem relating the hadronic tensor in Eq. (2.2) to the imaginary part of the forward Compton amplitude T µν of virtual gauge-boson -nucleon scattering. This amplitude is expressed in terms of a time-ordered product of two local currents to which standard perturbation theory applies,
In D = 4 − 2ε dimensions the structure function F 3 is obtained from T µν using the projection
As discussed in detail in the literature, see, e.g., Refs. [19, 20] , the operator-product expansion (OPE) can be applied to the product of currents in Eq. (2.4) together with a dispersion relation. For the structure function considered here this procedure finally yields
One thus obtains the odd-N moments (2.3) which uniquely fix all moments, and hence the complete x-dependence, by analytic continuation. The notation C As usual, we perform the renormalization in the modified [19] minimal subtraction scheme [21] in dimensional regularization. Hence also the renormalized coupling α s in Eq.(2.6) refers to D = 4 − 2ε dimensions, i.e., its scale dependence is given by
where β n denote the coefficients of the usual four-dimensional MS beta function of QCD. The renormalization to the third order requires the coefficients up to β 2 [22, 23] , and the consistent application of the resulting three-loop (N 3 LO) coefficient functions in data analyses even β 3 , the highest contribution to Eq. (2.7) computed so far [24, 25] .
There is one delicate issue entering the operator renormalization which deserves special attention. This is the presence of γ 5 due to the axial-vector coupling of the W -boson. As before in Refs. [11, 14, 15, 20] we employ the so-called Larin scheme [11, 26] which, at the present level, is equivalent to, but computationally more convenient than the original prescription [27, 28] for consistently dealing with γ 5 in dimensional regularization. See also the discussion in Ref. [6] . Therefore we need to perform a special renormalization, based on relating vector and axial-vector currents, in order to restore the axial Ward-identities,
The constant Z A for the axial renormalization and the finite renormalization Z 5 due to this treatment of γ 5 in the MS-scheme are known to three loops [11, 26] . The explicit expressions read
9)
Both these expansions are given in terms of the renormalized coupling (2.7), and Z 5 is expressed to exactly the depth in ε implemented in the present calculation (see below Eq. (2.21) for a comment on the positive powers of ε absent in Ref. [11] ).
We are now ready to briefly address the standard part of the renormalization of the spin-N operators O v entering Eq. (2.6) , 12) are connected to these renormalization constants in the standard way,
The reader is referred to Ref. [15] for the relation of the expansion coefficients γ
v to those of other non-singlet combinations. In terms of these quantities, the MS renormalization factor Z v in Eq. (2.11) is given by the Laurent series
Of course, the perturbative calculation of the anomalous dimension (2.12) and the coefficient function C − 3 cannot proceed via Eq. (2.6) including the non-perturbative nucleon states |nucl, p . However, as the OPE represents an operator relation, the calculation can be performed using quark states instead. Hence we apply the Lorentz projector (2.5) to the forward virtual-W -quark Compton amplitude T µν analogous to Eq. (2.4) and obtain the perturbative quantities T 3 which can be expanded in powers of the renormalized coupling a s ≡ α s /(4π) at the scale µ 2 = Q 2 , 15) where the N-independent A v denotes the quark operator matrix element. After performing the operator renormalization according to Eqs. (2.9) -(2.11) and (2.14), one thus arrives at explicit expressions for the T (l)
. The anomalous dimensions γ (l)
v can then be read off from the poles in ε, while the coefficient function C − 3 is related to the finite terms in ε. During this procedure it is important know the expansion of the D-dimensional coefficient function
to a sufficient depth (positive powers) in ε at lower orders. We normalize the α 0 s contribution to Eq. (2.15) including A v , i.e.,
In this normalization also the first-order expression is the same for F 
The corresponding second-and third-order results are given by
3,− + a
Consequently the two-and three-loop coefficient functions can be read off from the ε-independent parts of T
3,− and T
3,− after subtracting the respective contributions due to the lower-order ε and ε 2 quantities in Eq. (2.16).
We are now in a position to give the comment announced above on the ε-terms in Eq. (2.10). These terms do not affect the extracted coefficient functions c (2) 3,− and c 3,± and a (2) 3,− would exhibit an unphysical behaviour of their N-independent terms (which should be the same as those for F 2 ), a feature irrelevant here but unwanted for more general applications such as the determination of time-like (fragmentation) coefficient functions via a suitable analytic continuation of the DIS results, cf. Refs. [29, 30] . In other words, Eq. (2.10) effectively restores the anticommutativity of γ 5 also for those ε and ε 2 contributions.
The actual computation of the Feynman diagrams for the contributions to Eq. (2.15) follows those of Refs. [15] [16] [17] [18] 31] in every respect, so we can be very brief here. The graphs have been generated automatically with the diagram generator QGRAF [32] . All further symbolic manipulations have been performed in FORM [33, 34] , using the SUMMER package [35] [36, 37] and the findings to Ref. [14] . The three-loop 1/ε terms of the present calculation have already been used to complete the set of non-singlet NNLO splitting functions [15] .
There are two aspects which deserve special attention in the context of the present calculation. The first is the appearance of two functions g 1 , g 2 in the final odd-N results for the coefficient functions (see Refs. [18] for very similar even-N functions in the results of F 2 and F L ) which fall outside the class of simple harmonic sums [35] sufficient at previous orders,
Note that the bracketed combination of harmonic sums vanishes as 1/N 2 for N → ∞, hence g n (N) do not contribute to the leading ln k N, k = 1, . . . , 6, behaviour of the coefficient function c 
Results and discussion
We are now ready to present the charged-current coefficient function C − 3 to the third order in the strong coupling a s = α s /(4π), i.e., the coefficients c
Here q val represents the total (flavour summed) valence quark distribution of the hadron,
where n f is the number of effectively massless flavours. ⊗ denotes the Mellin convolution which turns into a simple multiplication in N-space. All results below will be given in the MS scheme for the standard choice µ 2 r = µ 2 f = Q 2 of the renormalization and factorization scales. The complete expressions for the dependence on µ r and µ f to the third order can be found, for example, in Eqs. (2.16) -(2.18) of Ref. [38] .
As discussed above, our calculation via the optical theorem and a dispersion relation directly determines the coefficient function (3.1) for all odd-integer moments N in terms of harmonic sums [35, 39, 40] . From these functions the x-space expressions can be reconstructed algebraically [20, 43] in terms of harmonic polylogarithms [41] [42] [43] . As in the case of F 2,L in electromagnetic DIS presented before [17, 18] , the exact third-order expressions are unpleasantly long in both N-space and x-space. We therefore refrain from writing down the former in this article, and defer the latter to Appendix A.
For the convenience of the reader we first recall the known results up to the second order. The first-order contribution to Eq. (3.1) is identical to that for the W + −W − case C + 3 and given by [19] 
with C F = (n 2 c −1)/(2n c ) = 4/3 and n c = C A = 3 in QCD. Here and below we use the abbreviations
As usual, the +-distributions are defined via
for regular functions f (x). Convolutions with the distributions D k in Eq. (3.3) can be written as
Already at two loops the coefficient functions involve polylogarithms and Nielsen functions, hence it is convenient to have at one's disposal accurate parametrizations in terms of the elementary functions in Eq. (3.3). After inserting the QCD values of the colour factors C F and C A , the exact two-loop coefficient function (A.3) first obtained in Refs. [6, 20] can be represented by
with an error well below 0.1% at all values of x. This expression is slightly less compact, but considerably more accurate than the (practically sufficient) previous parametrization in Ref. [44] . At this order the coefficient functions for the W + +W − and W + −W − cases are different. The twoloop coefficient function c
3,+ for the latter can be evaluated via Eq. (3.6) above and Eq. (2.9) in Ref. [45] for δc 
given as fractions. Most of the remaining coefficients have been obtained by fits to the exact coefficient functions at 10 −6 ≤ x ≤ 1−10 −6 . Finally the coefficients of δ(1 − x) have been adjusted very slightly from their exact values using the lowest integer moments, thus fine-tuning the convolution with the quark distributions to maximal accuracy (cf. the discussion at the end of Section 4 of Ref. [16] .
We now turn to our new three-loop results. Inserting, as in Eq. (3.6) above, the numerical QCD values of the n f -independent SU(n c ) colour factors, the third-order contribution (A.4) to Eq. (3.1) can be approximated by
Here the factor fl 02 (= 1 for the numerical evaluation) indicates the d abc d abc contribution entering at this order for the first time, cf. Ref. [11] . Also Eq. (3.7), first presented in Ref. [46] , deviates by much less than one part in a thousand from the corresponding exact expression which we evaluated using a weight-five extension of the FORTRAN package [47] for the harmonic polylogarithms. Eqs. (3.6) and (3.7) can be readily transformed to Mellin space at complex values of N (using, e.g., the appendix of Ref. [40] for the moments of ln x ln 2 (1 − x) etc) for use with N-space programs, such as QCD-PEGASUS [48] , for the evolution of parton densities and structure functions.
The x → 1 and x → 0 end-point behaviour of the higher-order contributions to Eq. (3.1) is of special interest, both theoretically and phenomenologically. We first address the large-x limit. Here the leading terms of c
s the corresponding coefficients are identical to those for the electromagnetic and charged-current structure functions F 2 which can be found in Eqs. (4.14) -(4.19) of Ref. [18] . 1 The terms with δ(1 − x) (arising from virtual corrections and soft-gluon contributions) are the same for all four charged-current coefficient functions c
2,3,± and differ from the corresponding photon-exchange quantity of Ref. [18] only by the obvious absence of contributions from the f l 11 flavour classes (where the photons couple to different quark loops) in W -exchange processes. For the convenience of the reader we here collect the third-order δ(1 − x) terms scattered over the 13 pages of Eq. (A.4): Finally we consider the subleading (integrable) large-x logarithms which have attracted renewed theoretical interest recently [49] [50] [51] . Terms up to ln 2n−1 (1 − x) occur in the n-th order coefficient functions. Their coefficients are the same for the W + +W − and W + −W − cases. Unlike the +-distributions, however, these contributions differ (except for the highest power in each colour factor, where the coefficient is minus that of the highest +-distributions) between F 2 and F 3 . For the present structure function the two-loop contributions read
The corresponding coefficients for the third-order coefficient functions are given by
The extraction of some of these coefficients from Eqs. (A.3) and (A.4) is far from trivial. We therefore provide the corresponding results for F 2 , which we did not include in Ref. [18] , in Appendix B where we also discuss an unexpected (to us) relation between the large-x coefficient functions.
We now turn to the small-x limit of the second-and third-order coefficient function in Eq. (3.1). The leading terms in this case are the 'double-logarithms' L k 0 ≡ ln k x with k = 1, . . . , 2n−1 at the n-th order in α s . The two-loop coefficients are
The results for the corresponding
3,+ can be obtained by combining Eqs. (3.17) -(3.19) with Eq. (2.7) in Ref. [45] . Also that equation for δc
3,− and c (2) 3,+ already differ in the leading logarithm. On the other hand, the leading logarithms (but only these) are the same for the even-N based two-loop coefficient functions c (2) 2,+ and c (2) 3,+ for F 2 and F 3 .
At the third order in α s , the coefficients of ln k x in Eq. (3.1) are given by 
3,+ only the six lowest even-integer moments have been computed so far [52, 53] . As observed below Eq. (3.19), the leading-log coefficients are the same for the even-N coefficient functions for F 2 and F 3 to two loops. Assuming that this relations holds at three loops as well, we can employ Eq. (3.20) above and Eq. (4.14) in Ref. [18] to derive the conjecture
The relation is supported by the fact that, as the even-integer moments [45] of δc
3,+ − c
(with the C − 3 -specific d abc d abc contribution removed from the latter quantity), also the coefficient (3.26) shows the characteristic 1/n 2 c suppression in the limit of a large number of colours n c predicted in Ref. [54] . We expect to be able to verify the above conjecture by a complete calculation of the coefficient function c 
Numerical implications
We start this section by graphically illustrating our new third-order coefficient function c (3) 3,− (x) and its convolution with a schematic but sufficiently characteristic quark distribution,
All curves in the corresponding two figures are scaled down from the normalization (3.1) by a factor 2000 ≃ (4π) 3 , effectively switching back to the normal-sized expansion parameter α s .
On the left side of Fig. 2 we compare the exact x-shape given by Eqs. (3.7) and (A.4) to two approximations indicating the previous uncertainty band [55] . This band was constrained by the lowest seven odd-integer moments N = 1 . . . 13 computed in Ref. [14] and the four leading +-distributions [56] fixed by the next-to-leading logarithmic threshold resummation matched to the second-order coefficient function of Ref. [6] . We see that this estimate was indeed reliable, and sufficiently accurate at x > ∼ 0.2. Thus a future determination of the fourth-order effects can be started reliably from fixed-N moments combined with the seven leading +-distributions now fixed by the next-to-next-to-next-to-leading logarithmic threshold resummation performed in Ref. [57] . We refer the reader to this article for a discussion of higher-order effects at very large values of x. 
3,− (x) for four flavours, multiplied by (1−x)/2000 for display purposes. Also shown (left) are the previous uncertainty band [55] and (right) the corresponding contribution to the W + +W − structure function F 2,ns (from Ref. [18] for f l 11 = 0) and the small-x approximations by the leading and next-to-leading logarithms (3.20) and (3.21).
The right side of Fig. 2 What physically matters, of course, is not the distribution (aka generalized function) c (3) 3,− (x) itself but the resulting contribution to the structure function (3.1), obtained by the convolution (3.5) and its obvious counterpart for the regular terms with the valence quark distribution. This convolution is shown in Fig. 3 for the typical quark distribution (4.1) (the normalization is irrelevant as we display all results normalized to f , thus suppressing large but trivial variations over the chosen wide range in x). For the sake of a direct comparison the same shape is used in Fig. 3 
2,ns (x) illustrates the 'x-shifting' power of the convolution integrals: The former coefficient function (for f l 02 = 0) is larger than the latter at all x < 0.8, yet its convolution result is larger only for x < 10 −3 . Note also that the small-x rise for F 3 , already delayed in Fig. 2 by about one order of magnitude in x to x < ∼ 10 −3 by non-leading logarithms, is confined to x < ∼ 10 −4 after the convolution. . In order to easily compare the contributions of the various orders, we use an order-independent value of the strong coupling, α s (µ 2 r =µ 2 f =Q 2 ) = 0.2, corresponding to a scale Q 2 ≈ 30 . . . An estimate of the large-x fourth-order coefficient function by the seven +-distributions fixed the next-to-next-to-next-to-leading logarithmic soft-gluon (threshold) resummation [57] strongly suggests that this trend will continue at even higher orders. As shown in the right part of Fig. 4 , this estimate leads to x > ∼ 0.9 for a relative four-loop correction exceeding 5%. All in all, the N 3 LO expansion can be considered safe to, at least, x ≃ 0.8 at Q 2 ≈ 40 GeV 2 (the safe range, of course, widens (shrinks) with increasing (decreasing) Q 2 due to the scale dependence of α s ).
Specific numbers as given in the last two paragraphs depend on the quark distribution. This is illustrated in Fig. 6 , where the Reggeon × counting-rule ansatz (4.1), cf. Ref. [59] , for xq val is modified at large x (left) or small x (right). Suppressing q val in either region leads to larger corrections mainly in the same region, hence Fig. 6 focuses on the large-x region in the former case, and small values of x in the latter. Again we show the results for α s = 0.2 and four flavours.
Suppressing xq val by two powers of (1 − x) at large-x leads to a considerable widening of the region of large soft-gluon corrections, with the NLO, NNLO and N 3 LO 5% x-values listed above Fig. 4 all reduced by about 0.1. A reduction of the small x-quark distribution by a factor x 0.2 , i.e., a factor of 10 at x = 10 −5 with respect to Eq. (4.1) has a rather dramatic effect, especially at NLO, as shown in the right part of Fig. 6 . However, while the relative NLO correction is as large as 24% at x = 10 −5 in this case, the higher-order corrections remain small, with the N 3 LO contribution exceeding 1% only at x ≤ 2 · 10 −5 . Hence, even under these conditions, the perturbative expansion to N 3 LO proves sufficient for (more than) all practically relevant situations. Like the large-x rise in the right part of the figure, the small-x rise on the left appears to move closer to the end-point as the order in α s is increased. Unlike at large x, though, there is no way of estimating the fourth-order contributions at values x < ∼ 10 −4 , as there was no way predicting the size of the d abc d abc three-loop correction from lower-order information. Also fixed moments cannot provide constraints at such values of x, therefore the present (fortunately satisfactory) status will remain unless/until someone (else) calculates the exact fourth-order coefficient function.
Summary and outlook
We have extended our previous computations [17, 18] of exact third-order coefficient functions in inclusive deep-inelastic scattering to the charged-current structure function F
. Hence the next-to-next-to-next-to-leading order coefficient functions are now known, in massless perturbative QCD, for all structure functions for which precision measurements have been performed in fixedtarget DIS and/or at HERA, enabling improved analyses of such data at x > 0.01. Also the present calculation has been performed in Mellin-N space, obtaining an analytic formula in terms of harmonic sums [35] for all odd-N moments (as in Refs. [19] and [20] at first and second order) using the optical theorem and a dispersion relation in the Bjorken variable x. From this result, which we will make available but did not write down in this article for brevity, we have reconstructed the equally lengthy exact x-dependence in terms of harmonic polylogarithms [43] presented in Eq. (A.3). A compact and accurate parametrization is provided by Eq. (3.7).
The singular large-x terms, (1 − x) . The latter coefficient function, in turn, is identical to that for F e.m.
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of Ref. [18] up to the obvious absence of the f l 11 diagram class which contributes to the coefficient of δ(1 − x) at three-loop in the photon-and Z-exchange cases. Even at the largest values of x practically relevant at large scales Q 2 and invariant masses W 2 , the observable-specific non-leading contributions to the coefficient functions are non-negligible. We have presented, in particular for use in theoretical studies of subleading terms, explicit expressions of the ln k (1 − x) contributions to both F 2 and F 3 which turn out to be related via the corresponding terms for F L already presented in Ref. [18] .
At small-x the N l LO non-singlet coefficient functions include potentially large logarithmic terms up to α l s ln 2l−1 x. For F e.m.
we found that the prefactors of the third-order terms are such that a small-x rise only occurs at irrelevantly low values of x [18] . The results for the vectoraxial-vector interference quantity F W + +W − 3 would be similar, were it not for the d abc d abc f l 02 diagram class (absent in F 2 due to Furry's theorem) which occurs at the third order for the first time. These diagrams dominate the small-x limit and lead to a rise of the coefficient function at x < ∼ 10 −3 before and x < ∼ 10 −4 after the convolution with the valence quark distribution. Nevertheless, the corrections remain very small at x-values accessible to colliders and unproblematic down even to the very low values of x of interest in DIS of ultra-high energy cosmic neutrinos at
Progress beyond our present three-loop accuracy for F
would be possible at large-x if the fixed-N results of Ref. [14] could be extended to the fourth order, by combining those results with the substantial constraints from the threshold resummation [57] into approximations analogous to those of Ref. [55] . Given that a first four-loop moment has been computed already, the splitting function for quark combinations such as u +ū − (d +d) at N = 2 for three flavours [60] , this seems a not entirely unrealistic perspective.
On the other hand, any attempt of reliably inferring the small-x behaviour of F W + +W − 3 via a resummation of lower-order information appears doomed to failure by the hierarchy of the small-x coefficients, recall Eq. (3.25), and the possible occurrence of dominant new colour factors such as d abc d abc in the present three-loop case, see also Ref. [15] . Hence the rather forbidding extension of the present all-N computation to the fourth order would be required for progress at small x. Fortunately the size of the three-loop corrections does not call urgently for such a calculation.
FORM files of our results in both N-space and x-space, and FORTRAN subroutines of the exact and approximate coefficient functions can be obtained from the preprint server http://arXiv.org by downloading the source of this article. Furthermore they are available from us upon request.
Appendix A: The exact x-space results
Here we present the exact expressions for the coefficient functions up to the third order in terms of harmonic polylogarithms H m 1 ,..., m w (x), m j = 0, ±1 [43] . Functions up to weight (number of indices) 2n − 1 contribute at order α n s . For 'brevity' we suppress the argument x and define
All divergences for x → 1 in Eq. (A.1) and below are to be read as +-distributions, see Eqs. (3.4) and (3.5) above. In this notation the one-loop coefficient function (3.2) for F 3 can be written as
The exact two-loop result corresponding to Eq. (3.6) reads
Finally full three-loop coefficient function for F
approximated by Eq. (3.7) is given by Appendix B: Subleading large-x contributions to F 2,ns
In this final appendix we consider the subleading (integrable) large-x logarithms ln k (1 − x) for the quark contributions to F 2 and their relation to the coefficients for F 3 given in Eqs. (3.9) -(3.16) above. The corresponding three-loop results for F L (where these terms are the leading contributions) have been given in Eq. (4.31) -(4.34) of Ref. [18] . At two loops we have A comparison of the large-x limit of the complete charged-current quark coefficient functions C 1, 2, 3, L , defined analogous to Eq. (3.1) above, now reveals that
to the third order in α s . I.e., not only are the above log-enhanced terms of C 1 and C 3 related, but also the constants for x → 1, leaving the difference vanish as 1/N 2 in moment space. To the best of our knowledge, Eq. (B.9) has not been noted so far in the literature even on the level of the two-loop coefficient functions of Refs. [4] [5] [6] . In this context it appears worthwhile to recall that the non-singlet coefficient function for the polarized structure function g 1 [no relation to the quantity in Eq. (A.5)] is identical to C 3 up to the d abc d abc term irrelevant at large x, and that an analogous 1/N 2 suppression of the helicity flip for x → 1 is present in polarized splitting functions, see Ref. [61] and references therein.
